Owing to their structural dispersion, the catalytic properties of nanoparticles are challenging to characterize in ensemble-averaged measurements. The single-molecule approach enables studying the catalysis of nanoparticles at the single-particle level with real-time single-turnover resolution. This article reviews our single-molecule Á uorescence studies of single Au-nanoparticle catalysis, focusing on the theoretical formulations for extracting quantitative reaction kinetics from the single-turnover resolution catalysis trajectories. We discuss the singlemolecule kinetic formulism of the Langmuir-Hinshelwood mechanism for heterogeneous catalysis, as well as of the two-pathway model for product dissociation reactions. This formulism enables the quantitative evaluation of the heterogeneous reactivity and the differential selectivity of individual nanoparticles that are usually hidden in ensemble measurements. Extension of this formulism to single-molecule catalytic kinetics of oligomeric enzymes is also discussed.
Introduction
With the ever-increasing demands for energy and declining reserves of fossil fuels, efficient use of fossil fuels and energy extraction from alternative feedstocks are critical for mankind's sustainable future. Catalysis is one of the key technologies capable of helping to meet this energy challenge. Nanoparticle catalysts are an integral part of catalysis technology, and they can catalyze many energy conversion reactions, often more efÀ ciently than their bulk counterparts [1 4] . With the rapid advances in nanoscience, new nanoparticle catalysts and novel catalytic properties continue to emerge [3, 5 7] .
A tremendous amount of work has been done in characterizing the catalytic properties of nanoparticles at the ensemble level, where a collection of nanoparticles are studied simultaneously; signiÀ cant insights have been obtained into the structure activity correlations of nanoparticle catalysts. These ensemble-averaged characterizations are inadequate, however, as nanoparticle catalysts-except those molecular metal clusters that have well-defined chemical stoichiometry-have structural dispersions, which inevitably lead to different properties for individual particles. But how different are they? Are Nano Res (2009) 2: 911 922 the differences signiÀ cant?
To address these questions, one needs to study nanoparticle catalysis at the single-particle level. Several research groups have carried out electrochemical measurements on a single nanoelectrode or nanoparticle by detecting electrical current [8 13] . Using surface plasmon spectroscopy, Novo et al. observed redox catalysis by single Aunanocrystals [14] .
Our group has developed a single-molecule fluorescence approach to study nanoparticle catalysis at the single-particle level, using Aunanoparticles as exemplary catalysts [15 18 ]. Rapid technological advances have made it possible to detect the fluorescence of a single molecule readily under ambient conditions. By detecting a Á uorescent product of a catalytic reaction, we can monitor the catalysis of individual colloidal Au-nanoparticles in real time at single-turnover resolution under ambient solution conditions. In this way, we were able to gain quantitative insight into the heterogeneous reactivity, differential selectivity between parallel reaction pathways, surface-restructuring-coupled catalytic dynamics, and reactant-concentration-dependent surface switching behaviors of nanoparticle catalysts. This single-molecule Á uorescence approach builds on the pioneering work in single-enzyme studies [19 22] , and was recently also employed in studying microand nano-scale solid catalysts [23 25] . In this article, we briefly review our experiments and focus our discussion on the theoretical analysis of the singlemolecule data for extracting the kinetics of singlenanoparticle catalysis. An earlier review focused on the experimental examinations of heterogeneous and dynamic behaviors of single nanoparticles [18] .
Single-molecule detection of singlenanoparticle catalysis
O u r a p p ro a c h i s b a s e d o n s i n g l e -m o l e c u l e microscopy of fluorogenic reactions. Figure 1 (a) depicts our experimental design using total internal reflection fluorescence microscopy [15, 17] . We immobilize individual Au-nanoparticles on a quartz slide at low density inside a Á ow cell, so that individual particles are well separated by many micrometers, a scale much larger than the diffractionlimited spatial resolution (~half a micron) in optical microscopy. We design a reaction, catalyzed by the Au-nanoparticles, which converts a non-fluorescent substrate molecule to a highly fluorescent product. With the substrate solution Á owing above the quartz surface, catalysis occurs on the Au-nanoparticle surfaces. Every reaction catalyzed by a single Aunanoparticle generates a Á uorescent product. Under constant laser illumination, every product molecule gives out intense fluorescence signals. By detecting the fluorescence of the product one molecule at a time, we can monitor the catalytic reactions by a single Au-nanoparticle in real time at single-reaction (i.e., single-turnover) resolution. The total internal reflection geometry of laser excitation confines the excitation within 100 200 nm above the quartz surface, reducing the background and facilitating the single-molecule fluorescence detection. Our specific reaction is the Au-nanoparticle catalyzed reduction of resazurin to resorufin by NH 2 OH in aqueous solutions. The highly Á uorescent product resoruÀ n is the target of single-molecule detection. Figure 1 (b) shows a typical fluorescence image from a real-time movie recorded by an electron multiplying charge-coupled device (EMCCD) camera at the 100-ms frame rate. The image shows localized bright spots, which are fluorescence signals of the product molecules adsorbed on individual Aunanoparticles. A typical fluorescence time trajectory from one such bright spot, i.e., one Au-nanoparticle, contains stochastic off on fluorescence bursts ( Fig.  1(c) ). The digital nature of the trajectory and the consistent height of its on-level are characteristic of single-molecule Á uorescence detection. Each sudden intensity increase in the trajectory marks a product formation event on a nanoparticle. The product molecule stays on the nanoparticle for a while due to its finite affinity for the nanoparticle surface, before it dissociates; the dissociation is marked by a sudden intensity decrease in the trajectory. Every offïon cycle in the trajectory corresponds to a single turnover of a catalytic formation of a product and its subsequent dissociation on one nanoparticle. The actual chemical transformations in the catalytic cycle occur at subpicosecond timescales and are irresolvable in these single-molecule fluorescence trajectories. The fluorescence blinking of the product molecule has no significant contribution here, as it happens on much slower timescales [15] . Once the product molecule leaves the nanoparticle surface, it becomes undetectable due to its fast diffusion and is carried away by the solution flow. Occasionally, multiple on-levels are observed in the trajectory, indicating a new product molecule is formed on the nanoparticle before an earlier one dissociates away; these multilevel events are rare because the on-times are much shorter on average than the off-times [15] .
In a single-particle fluorescence turnover trajectory, the waiting times, off and on , are the two most important observables ( Fig. 1(c) ). Their clean resolution separates the catalysis into two parts temporally: off is the waiting time before each product formation, and on is the waiting time for product dissociation after its formation. The individual values of off and on are stochastic, but their statistical properties, such as their distributions and averages, are deÀ ned by the underlying reaction kinetics [16] . By analyzing how the statistical properties of off and on depend on the resazurin concentration [S], we have formulated a LangmuirHinshelwood mechanism for the catalytic conversion reaction and a two-pathway mechanism for the product dissociation reaction [15] . In the following, we discuss the kinetic mechanism for the Aunanoparticle catalysis and the single-molecule kinetic formulism that connects the mechanism to the statistical properties of off and on . We use the results of 6-nm pseudo-spherical Au-nanoparticles as illustrations. Figure 2 shows the kinetic mechanism for Aunanoparticle catalyzed reduction of resazurin to resorufin [15] . The catalytic product formation re a c t i o n f o l l o w s a L a n g m u i r -H i n s h e l w o o d mechanism, in which the nanoparticle catalyzes the substrate conversion to product while maintaining a fast substrate adsorption equilibrium (reaction (i) in Fig. 2 ). After being generated, the product can dissociate via two parallel pathways: one a substrate-assisted pathway, in which the nanoparticle binds a substrate first before the product leaves the nanoparticle surface (reactions (ii) and (iii)), the other a direct dissociation pathway (reaction (iv)). The fluorescence state (off or on) of the nanoparticle is indicated at each reaction stage. The contribution of NH 2 OH is omitted in the mechanism as a simplification, as it is kept at a saturating concentration in our experiments and is thus not a rate-limiting reagent [15, 17] . In the following, we discuss how to derive the single-molecule kinetic equations that connect this mechanism to the statistical properties of off and on in the singleparticle turnover trajectories.
Single-molecule kinetic theory of nanoparticle catalysis

. 1 off r e a c t i o n : L a n g m u i r H i n s h e l w o o d mechanism for catalytic product formation
off is the waiting time before each product formation. At the onset of off , no product has yet formed on the nanoparticle surface; once a product is formed, Nano Res (2009) 2: 911 922 off ends and on starts. Based on the LangmuirHinshelwood mechanism in Fig. 2 , the process taking place during off is reaction (i) reproduced as Eq. (1) below: (1) where n is the number of substrate resazurin molecules adsorbed on the nanoparticle surface, Au m stands for the Au-nanoparticle, S for the substrate resazurin, P for the product resoruÀ n, and app is the apparent rate constant for forming one product on the surface of one nanoparticle. Here the formation of one P molecule and thus of the state Au m S nï1 P marks the completion of a off . From Langmuir Hinshelwood kinetics for heterogeneous catalysis [26] , app takes the form:
where k is the rate constant representing the intrinsic reactivity per catalytic site for the catalytic conversion reaction. From the Langmuir adsorption isotherm [26] , (3) where n T is the total number of surface catalytic sites on one nanoparticle, S is the fraction of catalytic sites occupied by the substrate, and K 1 is the substrate adsorption equilibrium constant. Then we have (4) where eff = kn T and represents the combined reactivity of all surface catalytic sites on one Aunanoparticle.
In conventional ensemble measurements where reactions of a large number of colloidal A u -n a n o p a r t i c l e s a re m e a s u re d i n s o l u t i o n simultaneously, the kinetic rate equation for the reaction in Eq. (1) is (5) w h e re [ A u m S n ] i s t h e c o n c e n t r a t i o n o f A unanoparticles that do not carry any product, and [Au m S nï1 P] is the concentration of Au-nanoparticles on which one product molecule is generated. Here the approximation of app as a pseudo-À rst-order rate constant is valid, provided [S] is time-independent (see below).
In single-nanoparticle measurements, although the concentration of the substrate, [S] , is still a valid description, the concentration of one nanoparticle is meaningless and each nanoparticle has a certain probability of being in either the Au m S n or the Au m S nï1 P state during off . To derive the single-molecule kinetics for a single nanoparticle, the concentrations in Eq. (5) need to be replaced by the probabilities P(t) of À nding the nanoparticle in the states Au m S n and Au m S nï1 P at time t. Then, Eq. (5) becomes (6) where P Au m S n (t)+P Au m S n 1 P (t)=1. At the onset of each Figure 2 Kinetic mechanism of Au-nanoparticle catalysis. Au m : Aunanoparticle; S: the substrate resazurin; P: the product resorufin; [S]: substrate concentration. Au m S n represents an Au-nanoparticle having n adsorbed substrate molecules. The fl uorescence state (on or off) of the nanoparticle is indicated at each reaction stage. eff = kn T and represents the combined reactivity of all surface catalytic sites of a nanoparticle. k is a rate constant representing the reactivity per catalytic site for the catalytic conversion. n T is the total number of surface catalytic sites on one Au-nanoparticle. S is the fraction of catalytic sites that are occupied by substrates and equals
, where K 1 is the substrate adsorption equilibrium constant. This kinetic mechanism is formulated at saturating concentrations of the co-substrate NH 2 OH, whose contribution is not included explicitly as an approximation. Figure taken from Xu et al. [15] 
dt Nano Res (2009) 2: 911 922 off (i.e., t = 0), no product molecule has formed. So the initial conditions for solving Eq. (6) are P Au m S n (0)=1 and P Au m S n 1 P (0)=0. In single-nanoparticle experiments, the depletion of substrate is negligible during catalysis and [S] is time-independent; it is therefore valid to treat app as a pseudo-first-order rate constant.
We can then evaluate the probability density of the time required to complete the off reaction, f off ( ), i.e., the probability density of off . The probability for À nding a particular is f off ( )¨ , which is equal to the probability of switching from the Au m S n state to the Au m S n 1 P state for the nanoparticle between t = and + ¨ , which is ¨P Au m S n 1 P ( )= app P Au m S n ( )¨ . In the limit of inÀ nitesimal ¨ , (7) Solving Eq. (6) for P Au m S n ( ) with the initial conditions, we obtain [17] . By determining eff for every nanoparticle from its distribution of off , we can obtain the distribution of eff among many nanoparticles ( Fig. 3(a) , inset). The broad distribution of eff quantiÀ es the heterogeneity in catalytic reactivity of the 6-nm Au-nanoparticles, which is unavailable from conventional ensemble measurements of nanoparticle catalysis.
The To give a physical interpretation of Eq. (9): the maximum product formation rate is reached when all surface catalytic sites are occupied by substrates, and the reaction rate off 1 equals the reactivity per catalytic site (k) multiplied by the total number (n T ) of surface catalytic sites, i.e., eff . Figure 3(b) shows the experimental data of 6-nm Au-nanoparticles, where each data point is averaged over many particles; the [15, 17] f off ( ) = dP AumSn 1 P ( ) Fig. 3(c) ) [15] . These variable behaviors are further manifestations of the heterogeneous catalytic reactivity among the individual Aunanoparticles, which are usually hidden in ensemble measurements.
on reaction: two-pathway mechanism for product dissociation
In a single-particle turnover trajectory, on starts at the moment when a product molecule forms on a particle surface, and ends once this product leaves the particle surface. Based on the two-pathway mechanism for product dissociation in Fig. 2 , the processes occurring in on are either reactions (ii) and (iii): (10a) or reaction (iv):
Under the assumptions of the Langmuir Hinshelwood mechanism where fast substrate adsorption equilibrium is established at all times, the Au m S nï1 state will be immediately converted to the Au m S n state, as substrate molecules in the solution will quickly bind to an available site to maintain the equilibrium. The corresponding single-molecule rate equations for a single particle are (11a) (11b) (11c) (11d) with the initial conditions P Au m S n 1 P (0)=1 and P Au m S n P (0)=P Au m S n (0)=P Au m S n 1 (0) = 0. At any time within on , P Au m S n 1 P (t)+P Au m S n P (t)+P Au m S n (0)+P Au m S n 1 (t)=1. We can then consider the probability density f on ( ) of the on . on is the time required to finish reactions in Eq. (10a), or the time required to finish the reaction in Eq. (10b). The probability of finding a particular is f on ( )¨ , which is equal to the sum of (1) the probability of switching from the Au m S n P state to the Au m S n state between the time and + ¨ and (2) the probability of switching from the Au m S n 1 P state to the Au m S n 1 state between the time and + ¨ . The À rst probability is ¨P Au m S n ( ), which equals k 2 P Au m S n P ( )¨ . The second probability is ¨P Au m S n 1 ( ), which equals k 3 P Au m S n 1 P ( )¨ . Then f on ( ) is (12) Solving Eqs. (11a) (11d) for P Au m S n P ( ) and P Au m S nï1 P ( ) by Laplace transform with the initial conditions, we can get: (13) where , , , and . At high substrate concentrations, Eq. (13) reduces to a singleexponential decay function, , with k 2 , the product dissociation rate constant in the substrate-assisted pathway, being the decay rate constant (Fig. 2) . Figure 4(a) shows the experimental histogram of on from the turnover trajectory of a single 6-nm Au-nanoparticle at a saturating substrate concentration; fitting it with a single-exponential decay function gives k 2 for this nanoparticle directly [17] . By determining k 2 for every nanoparticle from
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Off-state Nano Res (2009) 2: 911 922 its distribution of on , we can get the distribution of k 2 among nanoparticles (Fig. 4(a) , inset). The broad distribution of k 2 reflects the activity heterogeneity in the product dissociation reaction among the nanoparticles. From f on ( ), we can derive on 1 , the timeaveraged product dissociation rate for a single nanoparticle,
where [15] . These different behaviors are manifestations of the differential selectivity of individual Au-nanoparticles between the two parallel product dissociation pathways. This differential selectivity is completely hidden in nanoparticleaveraged results, which are dominated by the behavior of the Type particles (Fig. 4(b) ).
Overall rate of turnovers
From the fluorescence turnover trajectory, the overall rate of turnovers for a single particle can be determined by counting the number of offïon events per unit time, off+on 1 . From Eqs. (9) and (14), we get:
As expected, the rate of the turnovers contains kinetic parameters for both the catalytic product formation reaction ( eff and K 1 ) and the product dissociation reaction (k 2 , k 3 , and K 2 ). At [S] = eff · k 2 /( eff + k 2 ), which reduces to eff when the catalytic conversion reaction is rate-limiting in the catalytic cycle (i.e., eff << k 2 ).
As compared with those of off 1 and on 1 (Eqs. (9) and (14)), the much more complicated expression and 4(c)). As a comparison, Fig. 5(b) shows the bulk [S] dependence of the initial reaction rate (i.e., resazurin consumption rate) in the presence of a large excess of the co-reactant NH 2 OH. The reaction rate is determined by monitoring the absorption band of the substrate resazurin using UV Vis spectrophotometry. The initial reaction rate shows saturation kinetics with increasing [S] and can be fitted by the conventional ensemble Langmuir Hinshelwood
, where k eff is the catalytic conversion rate constant per particle, K is the substrate adsorption equilibrium constant, and [AuNP] is the concentration of the Au-nanoparticles. This equation is for unimolecular reactions, to which our reaction approximates in the presence of excess NH 2 OH, and it also assumes fast product desorption relative to the catalytic conversion rate. (Fig. 3(b) ). The differences between the bulk kinetics and the single-molecule kinetics could arise from the differences in experimental conditions-the bulk kinetics refers to nanoparticles free in solution, while the single-molecule kinetics refers to those immobilized on amine-functionalized glass surfaces. Clearly, the bulk kinetic measurements in Fig.  5(b) can neither separate the kinetics of catalytic conversion and that of product dissociation, nor reveal the [S]-dependent kinetics of the product dissociation reaction, nor determine the activity variations among individual nanoparticles. In contrast, the single-molecule measurements make it possible to interrogate the behaviors of individual nanoparticles, and for each nanoparticle, to separate its catalytic kinetics into two temporal parts.
Single-molecule Langmuir-Hinshelwood kinetics for catalysis of oligomeric enzymes
The Langmuir Hinshelwood mechanism explicitly includes the multiplicity of catalytic sites. Our single- molecule kinetic formulation of this mechanism enables it to be used to treat the catalysis of nanoparticle catalysts at the single-molecule level. This single-molecule Langmuir Hinshelwood kinetics can also be applied to the catalysis of enzymes, particularly to oligomeric enzymes that have multiple active sites [16] . F o r e n z y m e c a t a l y s i s , t h e m o s t c o m m o n mechanism is the classic Michaelis-Menten mechanism. Single-molecule kinetic theory has been formulated for this mechanism [27 40 ] and applied to analyze the results of many single-enzyme studies [19 22, 28, 41 47] . Although powerful, the classic Michaelis-Menten mechanism is a one-site, onesubstrate kinetic model. Yet, many enzymes are oligomeric with multiple catalytic sites, such as the tetrameric enzyme -galactosidase that has been studied at the single-molecule level [21, 44, 48] . Including the multiplicity of catalytic sites in the single-molecule kinetic formulism is thus desirable; the Langmuir Hinshelwood mechanism provides an option [16] .
In order to apply the Langmuir Hinshelwood mechanism to oligomeric enzymes, a prerequisite is that substrate binding/unbinding must be significantly faster than the catalytic conversion reaction, so an equilibrium occupation of all active sites is established before a catalytic conversion occurs at one of the sites. An example that satisfies this prerequisite is the tetrameric enzyme -galactosidase [21, 44, 48] . We can then use the formulism of Eq. (2) of the Langmuir-Hinshelwood mechanism: (16) where app is the apparent rate constant for an oligomeric enzyme to form one product at one of its active sites, k cat is the single-site rate constant for catalytic conversion, and n is the number of substrate molecules bound by the enzyme at equilibrium. Since the total number (n T ) of active sites of oligomeric enzymes is typically small, the relative Á uctuation of the number of bound substrates can be large from one instant to another; but, the equilibrium occupation n is always described by its equilibrium binding isotherm and can be fractional at certain substrate concentrations. If the site-site interactions are insigniÀ cant among the monomers of the oligomeric enzyme, i.e., monomers are independent of each other for substrate binding, n obeys the Langmuir isotherm: [49] , to substitute the Langmuir isotherm to formulate the single-molecule kinetic equations.
The single-molecule Langmuir-Hinshelwood formulism for oligomeric enzymes can be used to treat the results of recent single-molecule enzyme studies. These studies have revealed large activity heterogeneity from molecule to molecule and, for a single molecule, from time to time [20, 21, 28, 42, 50, 51] . Most of them attributed the heterogeneity in activity to variability in k cat caused by different enzyme conformations. The inclusion of the number of catalytic sites in the single-molecule kinetic equations offers an additional opportunity to evaluate possible causes of the activity heterogeneity of oligomeric enzymes, for example, differences in the number of available active sites in an oligomeric enzyme that can result from allosteric monomer-monomer interactions or from enzyme conformational dynamics.
Concluding remarks
We have discussed the single-molecule kinetic analysis of the fluorescence turnover trajectories of individual nanoparticle catalysts. A kinetic mechanism can be formulated, and quantitative kinetic information can be extracted at the singleparticle level, which enables the quantification of reactivity heterogeneity and reveals the differential selectivity between parallel reaction pathways for Nano Res (2009) 2: 911 922 individual nanoparticles. Because of its explicit inclusion of the multiplicity of catalytic sites, the single-molecule Langmuir-Hinshelwood formulism has an advantage in treating the single-molecule kinetics of oligomeric enzymes that contain multiple catalytic sites.
As the Langmuir-Hinshelwood mechanism is general for many heterogeneous catalysts [26] , our formulism should provide a general theoretical framework to understand single-molecule kinetics of heterogeneous catalysis. Still, more work remains to be done, for example, to include the substrate binding/unbinding kinetics explicitly without assuming a fast substrate adsorption equilibrium. One way is to assume one "effective" site per particle and use a modified Michaelis-Menten mechanism, as we showed in our previous paper [16] . Although it misses the multiplicity of the surface active sites, this modiÀ ed Michaelis-Menten mechanism does include substrate binding and unbinding explicitly.
Another issue is the variability of surface sites on a single particle-there are different types of sites on the particle surface, for example sites at the corners, edges, or facets. These sites are expected to have different activity. Can we include the differences between the various sites on a single particle in the theory? This also represents an experimental challenge: can we differentiate reactions occurring at different sites on a single particle?
Furthermore, the single-particle turnover trajectories contain time-dependent information about the catalytic kinetics at the single-turnover resolution. Our experimental studies have revealed large temporal activity fluctuations of individual Au-nanoparticles, which are attributable to both catalysis-induced and spontaneous dynamic surface restructuring [15, 17] . Inclusion of these temporal catalytic dynamics in the single-molecule kinetic formulation should offer more insights into the fundamental catalytic properties of nanoparticle catalysts.
